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Abstract. The main purpose of this paper is to study a hybrid mean value problem
related to the Dedekind sums by using estimates of character sums and analytic methods.
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1. Introduction
For a positive integer k and an arbitrary integer h, the classical Dedekind














x − [x] − 12 if x is not an integer;
0 if x is an integer.
The various properties of S(h, k) were investigated by many authors, see [2] and [3].
For example, L. Carlitz [3] obtained a reciprocity theorem of S(h, k). J. B. Conrey
et al. [4] studied the mean value distribution of S(h, k), and proved the following











k9/5 + k2m−1+(1/m+1) log3 k
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· ζ(s + 4m − 1)
ζ2(s + 2m)
ζ(s),
where ζ(s) is the Riemann zeta-function.
Jia Chaohua [5] improved the error term in (1) to O(k2m−1) provided m > 2. The



































where pα‖k denotes that pα|k and pα+1 † k.












where b denotes the solution of the congruent equation x · b ≡ 1 (mod q).
It is clear that this sum is a finite sum, so it will be an interesting problem to
study its arithmetical properties. About the asymptotic properties of (2), it seems
that no one had studied it, at least we have not seen any related result before. In this
paper, we use the properties of character sums and analytic methods to study the
asymptotic properties of (2), and obtain an interesting hybrid mean value formula
and identity. That is, we shall prove the following two theorems:




























denotes the summation over all integers 1 6 a 6 q with (a, q) = 1,
∏
p|q
denotes the product over all different prime divisors of q, and exp(y) = ey.
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Note that S(−a, p) = −S(a, p), so the sums on the left-hand side of the displayed
formula in Theorem 2 is conditionally convergent, its limit being a finite sum. From
this result and [6] we can also deduce the following












· p + O
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exp





In this section we shall give some lemmas which are necessary in the proof of our
theorems. First we have


















denotes the summation over all odd char-
acter modulo d, and L(s, χ) is the Dirichlet L-function corresponding to χ modulo d.
P r o o f. See Lemma 2 of [7]. 
Lemma 2. Let q > 2 be an integer, d > 1 a divisor of q, let χ0q denote the





























denotes the product over all different prime divisors of d, exp(y) = ey.
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P r o o f. Let χ be any odd character modulo d with d | q. It is clear that










χ0q(r). Let A(y, χ) =
∑
d<n6y
χ(n)U(n), then for any real number
N > d, applying Abel’s identity (see [1]) we have










































































































≡ M1 + M2 + M3 + M4.
Now we estimate M1, M2, M3, and M4. From the orthogonal relations for character












































































Note that if (m, q) = 1, then U(m) = d(m), ζ(2) = 16π
2, ζ(4) = 190π
4, where d(n) is
the Dirichlet divisor function and ζ(s) is the Riemann zeta-function. So from the






















































































































































































This proves Lemma 2. 

















P r o o f. Let p be a prime with p > 2. Then for any integers a and b with











































This proves Lemma 3. 
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3. Proofs of Theorems
In this section, we shall complete the proofs of our theorems. First we prove




















































































































































































≡ N1 − N2 − N3 + N4.


























































For any non-principal character χ modulo d, from the Pólya-Vinogradov’s inequality




χ(n) ≪ d1/2 ln d.






















































where ω(q) denotes the number of all different prime divisors of q.





































































































































































































































This proves Theorem 1. 














Now Theorem 2 follows from Lemma 3 and formula (19).
This completes the proof of Theorem 2. 
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